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Although people have already artificially formed parity–time (PT ) symmetry with gain and loss
in a balanced manner, it is still a defect that the gain is restricted to semi–classical but not full
quantum. Here we propose and analyze a theoretical scheme to realize full quantum oscillator PT –
symmetry. The quantum gain is provided by a dissipation optical cavity with blue detuned laser
field. After adiabatically eliminating the cavity modes, we give an effective master equation, which
is a more complete quantum description compared with non–Hermitian Hamiltonian, to reveal
the quantum behaviors of such a gain oscillator. This kind of PT –symmetry can eliminate the
dissipation effect in quantum regime. As examples, we finally apply PT –symmetric oscillators to
enhance optomechanically induced transparency and to preserve oscillator non–classical state.
I. INTRODUCTION
In recent years, the notion of parity–time (PT ) sym-
metry has attracted considerable interest due to its po-
tential applications in the fields of quantum optics and
quantum information processing (QIP) [1–4]. Since
Bender and Boettcher proved that a PT –symmetric
non–Hermitian Hamiltonian (Hˆ† 6= Hˆ, [Hˆ, PT ] = 0)
can also have real eigenvalue spectrum [5, 6], realizing
PT –symmetric complex quantum systems has become a
rapidly developing issue in both theoretical and exper-
imental researches [7–13]. Up to now, non–Hermitian–
based complex quantum mechanics is still debated [14],
however, attempting to test the PT –symmetry in open
quantum systems or optical systems is effective. Recent
experiments have already demonstrated PT –symmetry
behaviors in a variety of physical systems [15–19]. Among
them, a simple and intuitive scheme is to link two
quantum open systems with gain and loss respectively
[2, 10, 16, 17, 20]. As reported in Refs. [2, 10], exper-
imentalists observed that a mode splitting between two
supermodes will occur with degenerate effective dissipa-
tions once the coupling intensity passes through the ex-
ceptional point (EP). Ideally, the balanced gain and loss
make the eigenvalues end up on the real axis. The system
supermodes perform like a closed quantum system in this
case, and some environmental damage effects can be sup-
pressed by quantum gain. So far, similar mechanism has
already been applied in lots of quantum investigations,
including enhancing optics nonlinearity [15, 21], enhanc-
ing photon blockade [16] and realizing quantum chaos
[17] by an extra optical gain.
Although PT –symmetry has made progress in opti-
mizing QIP scheme, it is regrettable that common non–
Hermitian Hamiltonian is not a complete quantum de-
scription for open gain/loss quantum systems [14]. In
previous works, the gains were generally introduced by
classical amplification effects (e.g. parametric amplifi-
cation and doped Erbium ions for waveguides and mi-
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crocavities) [2, 10, 16, 17, 20–22]. Correspondingly, a
dissipation non–Hermitian Hamiltonian can be deduced
by adopting Markovian quantum master equation after
neglecting its the jump term or by utilizing quantum
Langevin equations without input operators. However,
it still remains difficult to discuss the quantum effect of
such a PT –symmetric system when our focus is not just
restricted in semi–classical level [16, 17, 20–22]. Realiz-
ing a gain, and then realizing a PT –symmetric system in
quantum regime, becomes a natural desire in the research
field of PT –symmetry.
In the past decade, quantized mechanical oscillators
have already provided critical resources for studying basic
quantum theory and QIP [23–27]. It is well known that
oscillators can constitute so–called optomechanical sys-
tems via the radiation pressure interaction between the
electromagnetic and mechanical systems [28]. Thanks to
this radiation pressure, cavity optomechanics plays an
indispensable role in the QIP scheme, and an instruc-
tive discovery is that the oscillators can be enhanced and
heated (suppressed and cooled) under the blue (red) side-
band by tuning the detuning of the driving fields [29–31].
It implies that the oscillator will perform like obtaining
an effective gain in this case [32], and more importantly,
a quantum description for this gain can be found after
eliminating the cavity field.
In this paper, we adopt the above idea to realize PT –
symmetric oscillators in quantum regime. After adia-
batically eliminating the cavity modes, we will give an
effective master equation to describe the effective gain of
the oscillator. For some particular quantum states (e.g.
Gaussian state), this master equation is strict, which
indicates some quantum effects that can not be calcu-
lated accurately by non–Hermitian Hamiltonian can be
discussed perfectly in this PT –symmetry system. In con-
trast to Ref. [32], here the quantum properties can be
taken into account without reconsidering the eliminated
system. Therefore, our PT –symmetric oscillators can be
applied in existing QIP schemes more simply and intu-
itively. As examples, we apply PT –symmetric oscilla-
tors to enhance optomechanically induced transparency
(OMIT) and to preserve oscillator non–classical state.
We believe this novel system can provide a promising
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FIG. 1. (a): A typical dissipative optomechanical system and
its corresponding model after linearization. Such a kind of
system can also be considered as a hybrid system which con-
sists of a transmission line resonator and a superconducting
qubit. (b): Two schemes for realizing oscillator gain, corre-
sponding to a dissipative cavity optomechanical system under
blue sideband and a gain cavity optomechanical system un-
der red sideband, respectively. (c): Level diagram of the blue
sideband. Here |n,m〉 denotes the state of n photons and m
phonons in the displaced frame. (d): A gain and a dissipa-
tion mutually interacting through a phonon tunneling term
of intensity µ.
platform for QIP.
II. REALIZATION OF OSCILLATOR GAIN
AND PT –SYMMETRY
Let us start by focusing on the realization of oscilla-
tor gain in quantum regime. As shown in Fig. 1(a),
we consider a typical optomechanical system and its the
corresponding total Hamiltonian is [28, 29]
H = −∆aˆ†aˆ+ ωbˆ†bˆ+ gaˆ†aˆ(bˆ + bˆ†) + (Ωaˆ† +Ω∗aˆ†) (1)
after a frame rotating. Here ∆ = ω − ωc is the input
cavity detuning, aˆ (bˆ) is the annihilation operator of the
optical (mechanical) mode with the corresponding angu-
lar resonance frequency ωc (ωm). g is the single photon
optomechanical coupling rate and Ω =
√
κexP/(~ω)e
iφ
is the driving intensity with the input laser power P and
the initial input laser phase (cavity coupling) φ (κex).
Based on Eq. (1), the quantum Langevin equations can
be expressed as:
aˆ =
(
i∆− κ
2
)
aˆ− igaˆ(bˆ+ bˆ†)− iΩ−√κain
bˆ =
(
−iωm − γ
2
)
bˆ− igaˆ†aˆ−√γbin,
(2)
where γ denotes the intrinsic oscillator dissipation and κ
is the total cavity dissipation rate. If the optomechanical
coupling is quite weak in quantum regime, the motion of
the oscillator and optical field can be regarded as pertur-
bations on their respective steady states, implying that
each operator in Eq. (2) can be rewritten as a sum of a c
number steady state value and a perturbation operator,
i.e., aˆ = α + a and bˆ = β + b. Substituting these re-
lations into Langevin equations and neglecting the high
order perturbation terms, the system can be linearized
by separating the steady states and perturbation compo-
nents, and then the dynamics of perturbation operator
will satisfy a linear Hamiltonian
H = −∆′a†a+ ωb†b+Ga†b† +G∗ab (3)
under the blue sideband condition ∆′ ∼ ω > 0 [29]
(above system in Fig. 1(b)). Here we assume ∆′ =
∆− 2gRe(β) ≃ ∆. Unlike common linearization process
in which c numbers are set as the operator expectation
values, here 〈a〉 = 0 and 〈b〉 = 0 are not always tenable
in this case. According to Eq. (3), the master equation
reads:
ρ˙ =− i[H, ρ]
+
κ
2
L[a]ρ+ γ
2
(nth + 1)L[b]ρ+ γ
2
nthL[b†]ρ
(4)
where L[o]ρ = (2o†ρo−o†oρ−ρo†o) is the standard form
of Lindblad superoperator. Through making premultipli-
cations with mechanical quantity operators on both sides
of Eq. (4), evolutions of the system dynamics can be de-
scribed by a set of partial differential equations instead
of solving all elements of the density matrix ρ. Here we
only consider first and second order mechanical quanti-
ties for convenience and the linear Hamiltonian ensures
dynamic equations are closed in each order. After an it-
eration, the evolution equations of first and second order
mechanical quantities can be simplified as (see Appendix
A for details):
d
dt
〈b〉 =
[
−i
(
ω +
4|G|2(∆− ω)
4(∆− ω)2 + κ2
)
− 1
2
(
γ − 4|G|
2κ
4(∆− ω)2 + κ2
)]
〈b〉 (5)
and
d
dt
〈b†b〉 = −
(
γ − |4G
2|κ
4(∆− ω)2 + κ2
)
〈b†b〉+ γnth + 4|G|
2κ
4(∆− ω)2 + κ2 . (6)
by adiabatically eliminating the optical field freedom.
3The coefficients of 〈b〉 and 〈b†b〉 in right hands of Eqs.
(5) and (6) correspond to the contributions of the non–
Hermitian Hamiltonian and the last two terms in Eq.
(6) are modified noise terms caused by jump operators in
the master equation. Therefore, the mechanical oscillator
can finally be described by the following master equation
ρ˙ = −i[Heff , ρ] + Γeff (n′th + 1)bρb† + Γeffn′thb†ρb, (7)
with non–Hermitian Hamiltonian
Heff = (ωeff − iΓeff
2
)b†b, (8)
modified thermal phonon number
n′th =
1
Γeff
(
γnth +
4|G|2κ
4∆2 + κ2
)
, (9)
and modified initial conditions of oscillator
〈b〉′(0) ≃
√
〈b†b〉′(0)
〈b†b〉′(0) =
(
1 +
8|G|2
4(∆− ωm)2 + κ2
)
〈b†b〉(0)
+
4|G|2〈a†a〉(0)
4(∆− ωm)2 + κ2 −
8G(∆− ωm)〈ab〉(0)
4(∆− ωm)2 + κ2 .
(10)
Here
ωeff = ω +
4|G2|(∆− ω)
4(∆− ω)2 + κ2
Γeff = γ − 4|G
2|κ
4(∆− ωm)2 + κ2
(11)
are respectively effective frequency and dissipation. We
emphasize here that the only approximation used in
above deduction is elimination of the optical field. There-
fore, unlike non–Hermitian Hamiltonian, Eq. (7) con-
tains all properties of second order expectation values
of the oscillators (〈b†b〉, 〈bb〉 and 〈b†b†〉), which means
some quantum properties, for example quantum fluctu-
ation, can also be discussed by using Eq. (7). Because
we only iterate the first and second order expectation
value equations, Eq. (7) is still incomplete if it is used
to solve density matrix or high order expectation values
(e.g. 〈b†bb〉).
We note that the effective dissipation is reduced by
the factor 4|G2|κ/[4(∆− ω)2 + κ2]. Physically, this is
because the optical field will heat the oscillator under the
blue sideband. If the linearized optomechanical coupling
strength satisfies |G2| > γ[4(∆− ω)2 + κ2]/κ, Γeff will
be no longer positive but a negative dissipation. The
non–Hermitian Hamiltonian now describes a gain effect
and the mechanical oscillations display anti-damping.
In Fig. 2, we show the effective dissipation rates of the
system under different parameters after adiabatic elimi-
nation. One can observe directly that the effective dissi-
pation rate can appear to be negative, i.e, corresponding
FIG. 2. (a) Changes of the effective dissipation coefficient
with varied linear coupling coefficient G. (b) and (c): Com-
parisons of evolutions corresponding to the first order (b) and
the second order (c) mechanical quantities, respectively. Here
the blue dotted lines denote mechanical quantities of original
system and red solid lines denote the approximate system af-
ter the adiabatic elimination. The black line in the inset is the
evolution without bath correction. (d): Fidelity between the
oscillator state respectively corresponding to original and ap-
proximate systems. The inset in (d) shows the time–averaged
fidelities with varied coupling coefficients G (blue, solid) and
the detuning ∆ (red, dotted). Here the horizontal axis is
100G (∆) for the blue (red) line. In this simulation, we set
ωm = 1 as a unit and the other dimensionless parameters are:
κ = 0.1, nb = 1000. For (a) we set ∆ = 2 (3) for the red
(blue) lines, and γ = 10−5 (5 × 10−4) for the solid (dotted)
lines. For (b), (c) and (d), we set γ = 10−5, G = 0.04 and
∆ = 3. The blue line of inset in (d) corresponds to ∆ = 3
and the red line is under G = 0.04.
to a gain effect. Under some certain parameters it can be
found from Fig. 2(a) that Γeff/γ = −1 and the quan-
tum dissipation is completely balanced by such a gain.
In order to demonstrate the accuracy of the approxima-
tion, we plot Fig. 2(b) and (c) to respectively compare
the evolutions of the first- and second-order mechanical
quantities in the approximate system and original system
and it can be known that two mechanical quantities grad-
ually exhibit the remarkably consistent evolutions. For a
Gaussian state, both the first and second order mechan-
ical quantities are accurately described, meaning that it
is a complete quantum description. In Fig. 2(d), we plot
the Gaussian fidelity to illustrate this description is com-
plete and quantum owing to F → 100%, which indicates
it does not need to reconsider the eliminated system for
obtaining system’s quantum properties like Ref. [32], and
the physical processes in our picture are more intuitive.
Let us re-examine the effective dissipation in Eq. (5),
the same conclusion can be obtained by adopting an op-
tomechanical system with red detuning and a gain cavity
4(The following device in Fig. 1(b)). However, the cav-
ity gain is not a complete quantum description, mean-
ing that oscillator gain in such a system is semi–classical
and can not be used in quantum regime. We also em-
phasize that tthe necessity for correcting bath phonon
number. A negative dissipation rate will change the heat
flow direction between the system and the bath. Mod-
ified bath phonon number can also change the polarity
of the phonons number difference between the system
and the bath. Such double correction ensures the cor-
rect direction of heat flow. In the inset of Fig. 2(c),
we show system evolution corresponding to a wrong heat
flow direction without correcting bath phonon number.
It shows that the system should be heating are cooled,
which implies only effective dissipation is not enough for
the quantum description of the PT –symmetric system.
Up to now we have discussed technique that can realize
oscillator gain, generally, a PT –symmetric system can be
achieved by connecting a passive and a positive systems
(see Fig. 1(d)). The non–Hermitian Hamiltonian of such
a system is:
Heff =
(
ω − iγ
2
)
b†1b1 +
(
ω + i
γ′
2
)
b†2b2
+ µ(b†1b2 + b1b
†
2),
(12)
with the corresponding eigenvalues:
λ± = ω − i(γ − γ
′)
4
±
√
µ2 −
(
γ + γ′
4
)2
. (13)
In this Hamiltonian, γ is an ordinary oscillator dissipa-
tion and γ′ = −Γeff denotes a quantum gain of oscilla-
tor.
Apparently when µ > (γ+γ′)/4, the third term in Eq.
(13) will be a pure real number. As shown in Fig. 3, a
resolved normal model splitting appears with a degener-
ated effective dissipation rate γ−γ′. The non–Hermitian
Hamiltonian in this case is PT –symmetric under the
condition γ = γ′ and correspondingly, µ = (γ + γ′)/4
is exactly the exceptional point transforming from the
PT –symmetric phase (PT SP) to PT –symmetry break-
ing phase (PT BP). Fig. 3(b) also illustrates that the
bifurcations of real and imaginary parts of the eigenval-
ues are still similar with the PT SP and PT BP for the
unbalanced case in which the loss and gain parameters
γ and γ′ are unequal. This case should be regarded as
physically realistic scenario while γ = γ′ is an idealiza-
tion, i.e., a closed PT –symmetric system is placed in hot
bath with an effective dissipation rate (γ−γ′)/2 [33, 34].
III. APPLICATIONS OF PT –SYMMETRIC
OSCILLATORS IN QUANTUM REGIME
In this section, we present two examples of apply-
ing our PT –symmetric oscillators in quantum regime,
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FIG. 3. Real (a) and imaginary (b) parts of the eigenfrequen-
cies of supermodes. Here blue lines in (a) and (b) respectively
correspond to Re(λ±) and Im(λ±) as functions of coupling µ.
Red line in (b) denotes the system is not strict PT –symmetry
but has an effective dissipation rate.
including enhancing optpmechanically induced trans-
parency (III A) and protecting non-classical state with
the quantum gain (III B).
A. Enhanced optomechanically induced
transparency
Electromagnetically induced transparency (EIT) is re-
markable interference phenomenon in quantum optic, it
has provided a promising platform for the coherent ma-
nipulation and slow light operation. In recent years, op-
tomechanically induced transparency (OMIT) has been
widely explored both in theory and in experiment be-
cause of its well controllability [22, 35–38]. The under-
lying physics of OMIT is formally similar to that of or-
dinary EIT in atomic system. In Ref. [35] Huang and
Agarwal discussed this relation and sketched three condi-
tions for occurring OMIT, that is, i. Driving frequency is
set in the red sideband; ii. Optical field loss needs to be
much greater compared to that of oscillator dissipation;
 !,"#
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FIG. 4. (a): An optical cavity coupled PT –symmetric oscil-
lators with nonlinear radiation pressure. (b): Level diagram
of the OMIT.
5iii. Steady state of oscillator displacement is not zero.
For a normal optomechanical system, oscillator displace-
ment is proportional to the cavity photon number, which
causes that there is a conflict between the last two condi-
tions in this case. A larger cavity dissipation satisfying ii
will reduce photon number significantly, indicating that
iii is violated. Fundamentally, strong single photon cou-
plings have to be adopted in previous works in order to
display OMIT windows, but they are too difficult to re-
alize in experiment.
Unlike the efforts to improve the single photon cou-
pling, we find that the requested cavity dissipation can
be reduced if we use PT –symmetric oscillators instead of
dissipative oscillators in OMIT system. As shown in Fig.
4, we consider PT –symmetric oscillators coupled with
a cavity. The total Hamiltonian of such a system can
be given by the following non–Hermitian Hamiltonian in
rotating framework:
H =
(
∆c − iκ
2
)
a†a+
∑
j=1,2
[ωmb
†
jbj − g0a†a(b†j + bj)] + µ(b†1b2 +H.c.)− i
γ
2
b†1b1 + i
γ′
2
b†2b2 +Hd +Hp, (14)
where Hd = iΩd(a
† − a) and Hp = i(a†εpe−iδt − aε∗peiδt) respectively denote the Hamiltonian of driving and probe
fields. The variables a, b1, b2, κ, γ, γ
′ and µ are identically defined with previous section. γ and γ′ are small compared
to the coupling and the oscillator frequency. The oscillator Hamiltonian can be diagonalized in terms of the symmetric
(c = (b1 + b2)/
√
2) and antisymmetric modes (d = (b1 − b2)/
√
2) as [39]
H =
(
∆c − iκ
2
)
a†a+ (ωm + µ)c
†c+ (ωm − µ)d†d−
√
2g0a
†a(c† + c)− i(γ − γ
′
2
)(c†c+ d†d) +Hd +Hp. (15)
Eq. (15) implies that the antisymmetric mode has no direct interaction with the optical mode, so that it can be
further expressed as
H =
(
∆c − iκ
2
)
a†a+
(
ω′m − i
γm
2
)
c†c− ga†a(c† + c) +Hd +Hp, (16)
here we have already set g =
√
2g0, ω
′
m = ωm + µ and γm = (γ − γ′)/2 for convenience.
According to this Hamiltonian (16), we employ the following semi–classical Langevin equations to explore the
nonlinear dynamics of the system.
q˙ = −γm
2
q − ω′mp
p˙ = −γm
2
p− ω′mq +
√
2g|a|2
a˙ =
(
−i∆c − κ
2
)
a+ i
√
2gaq +Ωd + εpe
−iδt
(17)
In Eq. (17), all observable operators in quantum Langevin equations have been replaced by their expectations
(o = 〈oˆ〉 for o ∈ {a, q, p}). The steady state solution of such a system can be expanded to contain many Fourier
components. Under the limitation of weak strength of probe field, each operator in Eq. (17) will have the following
form o = o0 + o+εpe
−iδt + o−ε
∗
pe
iδt by neglecting the high order terms of εp [38, 40, 41]. Then the optical field can
be solved as (see Appendix B for details):
a+ =
{
(ω2m − δ2 − iδγm/2)
[
−i(∆ + δ) + κ
2
]
+ β
}
(ω2m − δ2 − iδγm/2)
[
i(∆− δ) + κ
2
] [
−i(∆ + δ) + κ
2
]
+ i2β∆
, (18)
by using the input–output relation εout(t) + εpe
−iδt +
Ωd = γa. In above expression β = ig0ωmx0 is a charac-
teristic parameter being proportional to photon number.
Similarly with previous works, we concentrate on the be-
haviors of a+ and define χ = γa+ to describe the re-
sponse of the cavity optomechanical system to the probe
field. According to the absorption and dispersion the-
ory, one can determine that the real and imagery parts
of χ respectively represent the behaviors of absorption
and dispersion [36], and an OMIT window should satisfy
Re(χ)→ 0 and Im(χ)→ 0 simultaneously.
In Fig. 5(a) and (b), we respectively plot the behaviors
of Re(χ) → 0 and Im(χ) → 0 for both PT –symmetric
oscillators and ordinary oscillators. It can be known
that the PT –symmetric case offers an obvious transpar-
ent window at the modified sideband δ = ωp − ωd =
6FIG. 5. (a): and (b): Real and imaginary parts of χ corre-
sponding to PT –symmetric oscillators (blue, green) and dis-
sipative oscillators (red), respectively. (c) and (d): Depths of
transparent windows with varied single photon coupling in-
tensity (g) and oscillator dissipation rate (γm). The insets
illustrate the changes of absorption spectra under different
γeff (c) and g (d). In this simulation, the parameter unit is
set as ∆ = ωm = 1, the other parameters are g0 = 5× 10
−4,
E = 10, κ = 0.15 and γ = 0.02. Oscillator gain is set as
γ′ = 0.02 for PT –symmetric oscillators.
ωm + µ. This OMIT phenomenon emerges in weak cou-
pling regime but it will not exist if the oscillator dissi-
pation is not balanced by gain. In Fig. 5(c) and (d)
one can find that, for the similar transparent window,
single-photon coupling intensity in dissipation system is
required to amplify roughly 40 times, which is a quite
harsh condition for an experiment. From this point of
view, we conclude that the PT –symmetric oscillators can
indeed enhance the OMIT phenomenon in weak coupling
regime.
B. Protection of oscillator non–classical state
An important research significance of quantum oscilla-
tor is to prepare non–classical oscillator states in meso-
scopic scale. Especially in recent years, oscillator entan-
glement and oscillator coherence state (e.g. Schro¨dinger
Cat State) are considered as good carriers for the inves-
tigation of the boundary between classical and quantum
physics [24–26, 42, 43]. With the gradual deepening of
the theoretical and experimental researches, people come
to realize that the quantum properties of mesoscopic sys-
tems are extremely fragile in the real conditions and the
coherence or entanglement is very easy to be destroyed by
the complex environment [42]. Therefore, a key point for
realizing mesoscopic non–classical state is to suppress de-
coherence and to protect quantum property. From what
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FIG. 6. (a): Evolutions of logic Negativity under different ef-
fective dissipations. (b): Time–averaged logic Negativity with
varied effective dissipation. The inset in (b) illustrates the en-
tanglement death time Ts with varied effective dissipation. In
this simulation, we set ω = 1, γ = 0.004, µ = 0.02 and nb = 0.
has been discussed above, a PT –symmetric system can
be considered as a closed quantum system, and the quan-
tum dissipation is balanced by the gain, which ensures
that the quantum property can be well preserved even
the oscillator with a low Q–factor. As an example, we
discuss here how the PT –symmetry in quantum regime
can protect Gaussian entanglement between two oscilla-
tors. We re–emphasize that protecting quantum prop-
erty requires a real quantum gain, however, some PT –
symmetry schemes based on classical gain can not really
balance the quantum dissipation. This is the reason why
PT –symmetry is not used to protect the quantum prop-
erty in previous works.
Now we go in more details. As shown in Fig. 1(d),
we consider a typical PT –symmetric oscillator system
corresponding to the non–Hermitian Hamiltonian:
H =
(
ω − iγ
2
)
b†1b1 +
(
ω + i
γ′
2
)
b†2b2
+ µ(b†1b2 + b1b
†
2),
(19)
and we have already proved that the expectation values
of the first and second order operators satisfy the effective
master equation
ρ˙ =− i[Heff , ρ] + γ(nth + 1)b1ρb†1 + γnthb†1ρb1
+ γ′(n′th + 1)b2ρb
†
2 + γ
′n′thb
†
2ρb2.
(20)
One can utilize Eq. (20) to calculate arbitrary element
in the matrix Uij = 〈uˆiuˆj〉, where uˆ = (δb†1, δb1, δb†2, δb2).
And the covariance matrix Cij = 〈ξˆiξˆj + ξˆj ξˆi〉/2 for the
Gaussian oscillator state can be determined by
C =
1
2
[
SUS⊤ + (SUS⊤)⊤
]
, (21)
where ξˆ = (δx1, δp1, δx2, δp2) and S is the transition ma-
trix. With the covariance matrix C, the entanglement
between two oscillators can be measured by the logic Neg-
ativity (see Appendix C for details)[42, 44, 45] .
In Fig. 6(a), we plot the evolutions of the logic Negativ-
7ity to illustrate the protective effect of PT –symmetry on
entanglement. Here we assume that two oscillators have
an initial entanglement En(0) ∼ 0.1 after an entangle-
ment preparation process. Note that the only non–local
term in Hamiltonian (19) is a beam splitter (BS) type in-
teraction, which has been proved by previous work that
it can not produce steady state entanglement. Therefore
for normal dissipative system (γ′ = −γ, i.e., γeff = γ),
entanglement will be reduced to zero immediately due
to the coherence caused by the environment. With the
gradually decreasing of effective dissipation, the exist-
ing entanglement time will become significantly longer.
In particular at extreme case corresponding to γeff = 0
(γ = γ′), the quantum dissipation will be completely bal-
anced by the quantum gain and two oscillators seem to
be a closed quantum system. It also can be seen from
Fig. 6(a) that the entanglement will no longer disappear
in this case.
For a quantitative description, in Fig. 6(b), we show
the time–averaged logic Negativity in t = 200 with the
varied effective dissipation, and it can be found that there
exists a monotone decreasing relation between the entan-
glement and the effective dissipation. When γeff = 0, we
observe that E¯n = 0.15, and E¯n > 0.05 is always satis-
fied even γeff ∼ 0.2γ. In the inset of Fig. 6(b), we show
the maximum time for the nonzero entanglement, i.e, the
entanglement death time Ts, and it can be known that
Ts → ∞ when γeff → 0, implying that for the closed-
like system, the entanglement will always exist. With the
increasing of effective dissipation, the death time of en-
tanglement will reduce gradually. While γeff = 0.5γ, we
find Ts ∼ 50 and it is still three times longer compared
with that belonging to original system.
IV. DISCUSSIONS
Now we give the feasibility analyses about our pa-
rameters used in above discussions. Firstly for the lin-
earization, a well correspondence between the nonlinear
Hamiltonian (1) and linear Hamiltonian (3) has been in-
troduced in the recent experimental researches. Espe-
cially recent experiments have successfully realized op-
tomechanical cooling based on the linear Hamiltonian (3)
[46, 47], and the latest theoretical work also pointed out
that linearized coupling coefficient G can even be con-
trolled as a control field [31]. In addition to the oscil-
lator gain, the BS coupling between the oscillators are
also widely discussed [24, 48, 49]. Therefore, the heating
effect and the PT -symmetric scheme in our work can be
easily realized by experiments.
In the OMIT part, the dimensionless parameters are
adopted according to the existing experimental param-
eters of OMIT and chaos in optpmechanical system,
i.e., ωd + ∆c = 195THz (1573nm), ω/2pi = 3.68GHz,
κ/2pi = 500MHz, and g0/2pi = 910kHz which correspond
to κ/ωm = 0.1359 ∼ 0.15 and g0/ωm = 2.473 × 10−4 ∼
2.5×10−4 [46, 50]. As discussed above, our OMIT scheme
does not require a oscillator with high Q-factor. There-
fore, some low Q-factor oscillator (for example the oscil-
lators reported in Ref. [52]) can also be utilized to realize
OMIT. Although realizing strong opto-mechanical inter-
action requires to sacrifice the quality factor of the oscil-
lator in some experiments, our scheme can alleviate this
contradiction to a certain extent, which is equivalent to
indirectly improving the system coupling indirectly. In
the entanglement part, the relation γ/ωm = 0.004 is also
established in many recent experiments [23, 51] .
In summary, we have proposed a theoretical scheme
to realize the PT -symmetric oscillators in the quantum
regime. The oscillator gain originates from an optome-
chanical system corresponding to a heating effect, and
we can give a quantum description for such a gain by
eliminating the cavity modes, which is quite different
from those in the previous works in which the gain is
only considered as a semi–classical amplification. Subse-
quently, we give an effective master equation for such a
gain system containing effective dissipation, bath phonon
number and initial state. This master equation allows us
to obtain a complete quantum description of the PT –
symmetric oscillators, indicating that some QIP schemes
can be well optimized by using our PT –symmetric os-
cillator even if the semi–classical gain is powerless. As
examples, we have shown how to enhance optomechani-
cally induced transparency and how to preserve oscillator
non–classical state based on the PT -symmetric oscilla-
tors. The results respectively illustrate that Re(χ) ∼ 0
and Im(χ) ∼ 0 are easy to be satisfied even though both
driving and nonlinear coupling are extremely weak, and
the initial entanglement can be kept for a long time. We
thus believe the scheme proposed here may provide a
promising choice for the unachievable strong nonlinear
coupling in quantum optical devices and it is of potential
applications for coherent manipulation, slow light opera-
tion and other utilizations in QIP.
We also note that the gain of the oscillator and the dis-
sipative oscillator consisting of a similar closed system.
This means that additional oscillator may be regarded as
a special non-Markovian environment of the dissipative
oscillator. In recent experiment [53], a narrow band spec-
tral density was observed and the corresponding dynamic
property is very similar to a single mode environment
[30]. Therefore we can predict that most QIP schemes
with non-Markovian oscillator environment (e.g. Refs.
[30, 42]) can be well extended to our PT -symmetric sys-
tems. The possibility of the idea will be further verified
in some subsequent researches.
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8Appendix A: Derivation of the oscillator effective gain
Using the master equation (4) in the the main text, we can get the following differential equations of first order
mechanical quantities by making premultiplication with each observable operator:
d
dt
〈a〉 =
(
i∆′ − κ
2
)
〈a〉 − iG〈b〉∗
d
dt
〈b〉 =
(
−iωm − γ
2
)
〈b〉 − iG〈a〉∗.
(A1)
and correspondingly, the second-order mechanical quantities are described by:
d
dt
〈a†a〉 = −κ〈a†a〉 − i[G〈ab〉∗ −G∗〈ab〉]
d
dt
〈b†b〉 = −γ〈b†b〉+ γnth − i[G〈ab〉∗ −G∗〈ab〉]
d
dt
〈ab〉 =
[
i(∆− ωm)− κ+ γ
2
]
〈ab〉 − iG[〈a†a〉+ 〈b†b〉+ 1].
(A2)
Here 〈...〉 implies taking the expectation value with respect to the density matrix of the quantum system. Note that in
the above calculations, cut-off of the density matrix is not necessary and the solutions are exact. We firstly consider
the first order parts in Eq. (A1) and these equations can be formally integrated as
〈a〉(t) = 〈a〉(0) exp
(
i∆− κ
2
)
t+ exp
(
i∆t− κ
2
t
)∫ t
0
−iG〈b〉∗(τ) exp
(
−i∆τ + κ
2
τ
)
dτ
〈b〉∗(t) = 〈b〉∗(0) exp
(
iωm − γ
2
)
t+ exp
(
iωmt− γ
2
t
) ∫ t
0
iG〈a〉(τ) exp
(
−iωmτ + γ
2
τ
)
dτ.
(A3)
In the case of ∆ − ωm ≫ G or κ ≫ γ, the optical field is a high frequency oscillation term or a highly dissipative
term. Then the mode a can be regarded as a perturbation on the mechanical mode. The slightly influence by a can
be neglected and the following approximated expression can be further obtained:
〈b〉∗(t) = 〈b〉∗(0) exp
(
iωm − γ
2
)
t. (A4)
Substituting Eq. (A4) into 〈a〉(t) in Eq. (A3) and finishing the integral inside it, we can get
〈a〉(t) = 〈a〉(0) exp
(
i∆− κ
2
)
t+ exp
(
i∆t− κ
2
t
)∫ t
0
−iG〈b〉∗(0) exp
(
i(ωm −∆)τ + κ− γ
2
τ
)
dτ
= 〈a〉(0) exp
(
i∆− κ
2
)
t+
−2iG
2i(ωm −∆) + κ− γ
[
〈b〉∗(0) exp
(
iωm − γ
2
)
t− 〈b〉∗(0) exp
(
i∆− κ
2
)
t
]
.
(A5)
As we mentioned above, ∆− ωm ≫ G or κ≫ γ makes exp(i∆− κ/2)t take on a high frequency oscillation with high
dissipation. Therefore, an approximate solution of the optical mode can be expressed as
〈a〉(t) ≃ −2iG
2i(ωm −∆) + κ− γ 〈b〉
∗(0) exp
(
iωm − γ
2
)
t ≃ −2iG
2i(ωm −∆) + κ〈b〉
∗(t). (A6)
Substituting this approximate solution into Eq. (A1), we can get the following effective first order expectation value
equation
d
dt
〈b〉 =
[
−i
(
ωm +
4|G|2(∆− ωm)
4(∆− ωm)2 + κ2
)
− 1
2
(
γ − 4|G|
2κ
4(∆− ωm)2 + κ2
)]
〈b〉 =
(
−iωeff − Γeff
2
)
〈b〉, (A7)
then a non-Hermitian Hamiltonian can be reversed as
Heff = (ωeff − iΓeff
2
)b†b, (A8)
9where
ωeff = ω +
4|G2|(∆− ω)
4(∆− ω)2 + κ2
Γeff = γ − 4|G
2|κ
4(∆− ωm)2 + κ2
(A9)
are exactly the same as the effective frequency and effective dissipation rate in Eq. (11) in the main text, respectively
and Eq. (A7) is exactly Eq. (5) in the main text.
Now we consider the second-order mechanical quantities. Based on the Eq. (A2), we can obtain:
〈a†a〉(t) =〈a†a〉(0) exp (−κ) t+ exp (−κt)
∫ t
0
−i[G〈ab〉∗(τ) −G∗〈ab〉(τ)] exp (κτ) dτ
〈b†b〉(t) =〈b†b〉(0) exp (−γ) t+ exp (−γt)
∫ t
0
{−i[G〈ab〉∗(τ) −G∗〈ab〉(τ)] + γnth} exp (γτ) dτ
〈ab〉(t) =〈ab〉(0) exp
[
i(∆− ωm)− κ+ γ
2
]
t+ exp
[
i(∆− ωm)t−
(
κ+ γ
2
)
t
]
×
∫ t
0
{−iG[〈a†a〉(τ) + 〈b†b〉(τ) + 1]} exp
[
−i(∆− ωm)τ +
(
κ+ γ
2
)
τ
]
dτ,
(A10)
and the approximate solutions can also be given by:
〈a†a〉(t) = 〈a†a〉(0) exp (−κ) t
〈b†b〉(t) = 〈b†b〉(0) exp (−γ) t. (A11)
Similarly to the case of first order, and substituting Eq. (A11) into 〈ab〉(t) in the above equation and finishing the
integral inside it, we obtain
〈ab〉(t) =〈ab〉(0) exp
[
i(∆− ωm)− κ+ γ
2
]
t+ exp
[
i(∆− ωm)t−
(
κ+ γ
2
)
t
]
×
∫ t
0
{−iG[〈a†a〉(0) exp (−κτ) + 〈b†b〉(0) exp (−γτ) + 1]} exp
[
−i(∆− ωm)τ +
(
κ+ γ
2
)
τ
]
dτ
≃− iG
{ 〈b†b〉(t)
−i(∆− ωm) + κ/2 +
1
−i(∆− ωm) + κ/2
}
+O(t),
(A12)
where
O(t) =〈ab〉(0) exp
[
i(∆− ωm)− κ
2
]
t+
−iG
−i(∆− ωm) + κ/2
(
−〈b†b〉(0) exp
[
i(∆− ωm)− κ
2
]
t
)
+
−iG
−i(∆− ωm)− κ/2
(
〈a†a〉(0) exp(−κt)− 〈a†a〉(0) exp
[
i(∆− ωm)− κ
2
]
t
)
.
(A13)
We firstly neglect O(t) term in Eq. (A12) because it is a time oscillation term with dissipation, then the modified
second-order equation is
d
dt
〈b†b〉 =− γ〈b†b〉+ γnth − i[G〈ab〉∗ −G∗〈ab〉]
=− γ〈b†b〉+ 4|G|
2κ
4(∆− ωm)2 + κ2 〈b
†b〉+ γnth + 4|G|
2κ
4(∆− ωm)2 + κ2
=− Γeff 〈b†b〉+ Γeffn′th.
(A14)
In this expression, Γeff = γ− (4|G|2κ)/(4(∆−ωm)2+ κ2) is the effective dissipation and we find that this conclusion
is self–consistent with the first-order effective dissipation. n′th = (γnth + 4|G|2κ/(4∆2 + κ2))/Γrff is the effective
phonon number of the bath to ensure correct direction of heat flow under the effective dissipation. Eq. (A14) is
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exactly Eq. (6) in the main text. By using it, we have:
〈b†b〉(t) =〈b†b〉(0) exp (−Γeff ) t+ exp (−Γeff t)
∫ t
0
{−i[GO∗(τ) −G∗O] + Γeffn′th} exp (Γeffτ) dτ. (A15)
After completing integration in the above expression, we achieve the following relationships:
exp (−Γeff t)
∫ t
0
{−4|G|2κ〈a†a〉(0) exp(−κτ)
4(∆− ωm)2 + κ2
}
exp (Γeff τ) dτ = Z1 −
(
4|G|2〈a†a〉(0)
4(∆− ωm)2 + κ2
)
exp (−Γeff t) , (A16)
〈a†a〉(0) exp (−Γeff t)
∫ t
0

−
|G|2 exp
[
−i(∆− ωm)− κ
2
]
t
i(∆− ωm)− κ
2
−
|G|2 exp
[
i(∆− ωm)− κ
2
]
t
−i(∆− ωm)− κ
2

 exp (Γeffτ) dτ
=Z2 + 2
(
4|G|2〈a†a〉(0)
4(∆− ωm)2 + κ2
)
exp (−Γeff t) ,
(A17)
exp (−Γeff t)
×
∫ t
0
{
−iG〈ab〉(0)∗ exp
[
−i(∆− ωm)− κ
2
]
τ + iG∗〈ab〉(0) exp
[
i(∆− ωm)− κ
2
]
τ
}
exp (Γeffτ) dτ
=Z3 −
(
2Re(G〈ab〉(0)) + Im(Gκ))(∆− ωm)
(∆− ωm)2 + κ2/4
)
exp (−Γeff t) = Z3 − 2
(
4G(∆− ωm)〈ab〉(0)
4(∆− ωm)2 + κ2
)
exp (−Γeff t) ,
(A18)
and
〈b†b〉(0) exp (−Γeff t)
∫ t
0

−
|G|2 exp
[
−i(∆− ωm)− κ
2
]
τ
i(∆− ωm) + κ
2
−
|G|2 exp
[
i(∆− ωm)− κ
2
]
τ
−i(∆− ωm) + κ
2

 exp (Γeff τ) dτ
=Z4 + 2|G|2〈b†b〉(0)
(
(∆− ωm)2 − κ2/4
[(∆− ωm)2 + κ2/4]2
)
exp (−Γeff t) ≃ Z4 + 2
(
4|G|2〈b†b〉(0)
4(∆− ωm)2 + κ2
)
exp (−Γeff t) .
(A19)
Here the final equal relationship in Eq. (A18) requires G and 〈ab〉(0) are both real, and the last approximation in Eq.
(A19) needs κ2/4≪ (∆ − ωm)2. In Eqs. (A16)∼(A19), Z1,2,3,4 are the terms corresponding to integral upper limit,
the oscillation terms exp[±i(∆ − ωm)t] and dissipation terms exp(−κt/2) in them allow us to neglect them. Then
substituting Eqs. (A16)∼(A19) into Eq. (A15), we obtain:
〈b†b〉(t) =〈b†b〉′(0) exp (−Γeff ) t+ exp (−Γeff t)
∫ t
0
{Γeffn′th} exp (Γeff τ) dτ, (A20)
with
〈b†b〉′(0) =
(
1 +
8|G|2
4(∆− ωm)2 + κ2
)
〈b†b〉(0) + 4|G|
2〈a†a〉(0)
4(∆− ωm)2 + κ2 −
8G(∆− ωm)〈ab〉(0)
4(∆− ωm)2 + κ2
(A21)
can be considered as a modified initial condition of the oscillator phonon number. And correspondingly, we assume
〈b〉′(0) =
√
〈b†b〉′(0) for convenience. Eq. (A21) is exactly the same with the modified initial condition in Eq. (10) in
the main text.
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Appendix B: Derivation of the absorption and dispersion spectra in OMIT
Substituting relation o = o0 + o+εpe
−iδt + o−ε
∗
pe
iδt into semi–classical Langevin equations (Eq. (17) in the main
text) and using the steady state condition, we can give the dynamic equations of systemic mean values as:
0 = −γm
2
q0 − ω′mp0
0 = −γm
2
p0 − ω′mq0 +
√
2g|a0|2
0 =
(
−i∆c − κ
2
)
a0 + i
√
2ga0q0 +Ωd
0 =
(
i∆c − κ
2
)
a†0 − i
√
2ga†0q0 +Ωd,
(B1)
and
− iδq+ = −γm
2
q+ − ω′mp+
− iδp+ = −γm
2
p+ − ω′mq+ +
√
2g(a†0a+ + a0a
†
+)
− iδa+ =
(
−i∆c − κ
2
)
a+ + i
√
2g(a+q0 + a0q+) + 1
− iδa†+ =
(
i∆c − κ
2
)
a†+ − i
√
2g(a†+q0 + a
†
0q+).
(B2)
For asymptotic steady state, we approximately consider p0 = 0, i.e., the displacement dissipation −γmq0,+/2 is
neglected. Then based on above two sets of dynamic equations, the steady state solutions can be given finally by:
q0 =
2g0
ωm
|a0|2
a0 =
Ωd
i(∆−∆′) + κ
2
(B3)
and
a+ =
{
(ω2m − δ2 − iδγm/2)
[
−i(∆ + δ) + κ
2
]
+ β
}
(ω2m − δ2 − iδγm/2)
[
i(∆− δ) + κ
2
] [
−i(∆ + δ) + κ
2
]
+ i2β∆
. (B4)
Here Eq. (B4) are exactly the same with Eqs. (18) in the main text.
Appendix C: Derivation of the oscillator entanglement
Based on the Hamiltonian (19), we have
d
dt
〈b†1b1〉 = −iu
(
〈b†1b2〉 − 〈b†1b2〉∗
)
− γ〈b†1b1〉+ γnb
d
dt
〈b†2b2〉 = −iu
(
−〈b†1b2〉+ 〈b†1b2〉∗
)
+ γ′〈b†2b2〉 − γ′n′b
d
dt
〈b†1b2〉 = −
(
γ − γ′
2
)
〈b†1b2〉 − iµ
(
〈b†1b1〉 − 〈b†2b2〉
)
d
dt
〈b21〉 = (−2iω − γ)− 2iµ〈b1b2〉
d
dt
〈b22〉 = (−2iω + γ′)− 2iµ〈b1b2〉
d
dt
〈b1b2〉 =
(
−2iω − γ − γ
′
2
)
〈b1b2〉 − iµ
(〈b21〉+ 〈b22〉) ,
(C1)
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then the covariance matrix can be calculated by the transition matrix
S =
(
T 0
0 T
)
where T =
1√
2
(
1 1
i −i
)
(C2)
Furthermore, the logarithmic negativity can be calculated according to the following relationship
En = max[0,− ln(2ζ)]. (C3)
In this expression, ζ is the smallest symplectic eigenvalue of the partially transposed covariance matrix C˜ obtained
from C just by taking pj in −pj. This symplectic eigenvalue can be achieved by calculating the square roots of the
ordinary eigenvalues of −(σC˜)2, where σ = J ⊕ J and J is a 2× 2 matrix with J12 = −J21 = 1 and J11 = J22 = 0.
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